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    Abstract - In this paper, a new approach to the solution of 

linear programming problems is suggested, which is based on 

the iterative procedure. The proposed KKL method is 

computationally more efficient and easier as compared to the 

traditional simplex method. The method suggested for the 

solution of LPP namely “KKL method” where KKL is formed 

from the first letter of author’s surname.    
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I.  INTRODUCTION 

Linear programming is an optimization technique for 

finding an optimal (maximum or minimum) value of a 

function called objective function of several independent 

variables, the variables being subject to various 

restrictions (or constraint) expressed as equation or 

inequalities. The term ‘linear’ indicates that the function 

to be maximized or minimized is linear in the nature and 

that the corresponding constraint represented by a system 

of linear inequality or linear equation involving variables. 

The linear programming has its own importance in 

obtaining the solution of a problem where two or more 

activities complete for limited resources. 

Mathematically: 

Maximize the objective function CX  

Subject to BAX  , 0X  

Where 1nX  column matrix,     

nmA   coefficient matrix, 

1mB   Column vector,    

nC 1  row vector. 

There are four methods to obtain the solution of the 

above problem; these methods can be classified as: 

(i). the graphical method, 

(ii). the systematic trial and error method, 

(iii). the vector method, 

(iv). the simplex method. 

In this paper, we shall introduce and explain the 

Computational Algorithm of the KKL method. 

Computational procedure of the KKL method requires the 

construction of “New KKL tableau” which can be done in 

different ways, all of which, however, led to the same 

optimal solution. The initial KKL tableau is formed by 

writing the coefficient of constraints of a linear 

programming problem in a systematic tabular form. The 

rule used for the construction of initial KKL table is same 

in both the maximization and minimization problems. 

II. COMPUTATIONAL ALGORITHM OF THE 

KKL METHOD 

Step 1: Formulate the linear programming model of the 

real world problem that is obtained as mathematical 

representation of the problem, objective function and 

constraints as stated below: 

Maximize nnxcxcxcM  ..........2211  

 Subject to constraints: 

11212111 .......... bxaxaxa nn   

22222121 .......... bxaxaxa nn   

mnnmmm bxaxaxa  ..........

........................................................

........................................................

2211

 

0..,,.........,, 321 nxxxx            

If the objective function is minimized, then convert it into 

maximization problem of by using the rule Minimum M 

= - (Maximum (-M)). 

All sib  , mi ,......,2,1  must be non negative. If any 

one of bi  is negative, multiply corresponding inequality 

by (-1), so as to get all sib  , mi ,......,2,1  non-

negative. 

Step 2: Convert all in equations of the constraints into 

equations by introducing slack variables and assign a zero 

coefficient to the corresponding variable in the objective 

function. Thus we can reformulate the problem in terms 

of equations as follows:  

Maximize

mnn pppxcxcxcM 0.......00.......... 212211 

 

Subject to constraints: 

 111212111 .......... bpxaxaxa nn   

 222222121 .......... bpxaxaxa nn   
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mmnnmmm bpxaxaxa  ..........

....................................................................

....................................................................

2211

 

                   

where 0..,,.........,, 321 nxxxx  and  

0..,,.........,, 321 mpppp           

 

Step 3: An initial basic feasible solution is obtained by 

setting 

0...........321  nxxxx .  

Thus we get 11 bp  , 22 bp  ,.., mm bp  . 

Step 4: For computational efficiency and simplicity, 

the initial basic feasible solution, the constraint of the 

standard linear programming problem as well as the 

function can be displayed in a tabular form, called the 

new KKL tableau as given below: 

 

NEW KKL TABLE: 

 

 

The interpretation of data of the above tableau is given as 

under:  

(i). The Initial row (R*), called the objective row of the 

new KKL table indicates the coefficients of (m+n) 

variables in the objective function. 

(ii). From 1st to mth row are called constraint rows of the 

table, represents the coefficient of the constraints.  

(iii). The first column labeled (R) denotes the m rows, 

also known as objective column, the second column 

labelled ‘Basic variable’, in the initial KKL tableau. 

These variables are the slack variables. The third column 

indicates the coefficient of ‘z’ whose value for the first 

row is 1 and for all other rows, it is zero. 

(iv). The body matrix (under non-basic variables) in the 

initial KKL tableau consists of the decision variable in 

the constraint set. 

(v). The Identity matrix in the initial KKL tableau 

represents the coefficients of the slack variables that have 

been added to the original inequality to make them 

equations.  

Step 5: Test the Solution for optimality: -Examine the 

initial row (R*) of the above KKL tableau. 

(i). If all the elements in the initial row (R*) are positive, 

the current solution is optimal. 

(ii). If there exists some negative number, the current 

solution can be improved by entering the column, which 

contain less negative term, let it be ry .  

Then  

(a). Select the maximum positive term in the 

corresponding column of ry , let it be rja  nj 1 , 

which is our new pivot element and find out the 

corresponding identity element, let it lies in the 

column kp  where mk 1 , we drop this column kp . 

(b). Repeat the above process till all the coefficient of the 

Initial Row (R*) becomes positive. If one of the 

coefficients of the row R1 is negative, then repeat the 

above process to find the optimum solution. 

 

III. STATEMENT OF THE PROBLEM 

 

Problem (1): Use KKL method to  

Maximize 21 104 xxz  .  

Subject to the constraints:  

502 21  xx                                            

10052 21  xx                                      

9032 21  xx                                             

0, 21 xx  

Solution: By introducing slack variables 01 p , 

02 p and 03 p  respectively, the set of constraints of 

the LPP are converted into the system of equations. 

The modified objective function is to  

Maximize  32121 000104 pppxxz   

Subject to the constraints:   

502 121  pxx                                       

10052 221  pxx                                    

9032 321  pxx                                          

0,,,, 32121 pppxx  

Initial table: 

Row Basic z y1 y2 P1 P2 P3 RHS 

R1 z 1 - 4 -10 0 0 0 0 

R2 P1 0 2 1 1 0 0 50 

R3 P2 0 2 5 0 1 0 100 

R4 P3 0 2 3 0 0 1 90 

                   ↑             ↓ 

Row(R) 
Basi

c 
Z y1 … yn P1 ... Pm R.H.S 

Initial 

row 

(R*) 

Z 1 C1 … Cn 0 … 0 0 

First 

row(R1) 
P1 0 a11 … a1n 1 … 0 1b  

Second 

row(R2) 
P2 0 a21 … a2n 0 … 0 2b  

… … … … … … … … … … 

… … … … … … … … … … 

mth 

Row(Rm) 
Pm 0 am1 … amn 0 … 1 bm 
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Where 1p , 2p  and 3p  denotes the slack variables 

and R1, R2, R3, R4 represents the first, second, third and 

fourth row respectively. From the above table, it is clear 

that the least negative coefficient of z lies in column 1y  

which is (–4), that will enter into the basis. The pivot 

element is 2 (arbitrary in column 1y ) and the 

corresponding identity element lies in the 1p  column, 

hence we drop column vector 1p .  

 

First table: Introduce 1y  and drop 1p , we get  

Row Basic z y1 y2 P1 P2 P3 RHS 

R1 z 1 0 -8 2 0 0 100 

R2 y1 0 1 1/2 1/2 0 0 50 

R3 P2 0 0 4 -1 1 0 50 

R4 P3 0 0 2 -1 0 1 40 

                                     ↑              ↓ 

Since 2y  in the initial row has only one negative value 

i.e. (-8), 2y  will enter into the basis. The pivot element 

is 4, and the corresponding identity element which lies in 

column 2p . Hence we drop 2p . 

Second table: Introduce 2y  and drop 2p   

Row Basic z y1 y2 P1 P2 P3 RHS 

R1 z 1 0 0 0 2 0 200 

R2 P1 0 1 0 5/8 -1/8 0 75/4 

R3 P2 0 0 1 -1/4 1/4 0 50/4 

R4 P3 0 0 0 -1/2 -1/2 1 15 

Since all the elements in the initial row are positive, the 

current solution is optimal. Hence the optimum basic 

feasible solution is 

 4/751 x , 4/502 x  and  

Max. z = 200 .  

                                                                          

Problem (2): Use KKL method to 

Minimize 532 23 xxxZ  .  

Subject to the constraints: 

723 532  xxx  

 1242 32  xx          

 10834 532  xxx                             

x1≥0 x2≥0 x3≥0 and x5≥0  

 

Solution: By introducing slack variables 01 p , 

02 p  and 03 p  respectively, the set of constraints 

of the LPP are converted into the system of equations, 

and converting the objective function into that of 

maximization; the modified linear programming problem 

is as follows:        

                                                                                                                           

Maximize

321532 00023 pppxxxz    

 

Subject to the constraints: 

723 1532  pxxx                                            

1242 232  pxx                                            

10834 3532  pxxx                                   

0,,,,, 321532 pppxxx . 

Initial table: 

 

Row Basic z y1 y2 y3 y4 y5 P1 P2 P3 
RH

S 

R1 z 1 0 1 -3 0 2 0 0 0 0 

R2 P1 0 0 3 -1 0 2 1 0 0 7 

R3 P2 0 0 -2 4 0 0 0 1 0 12 

R4 P3 0 0 -4 3 0 8 0 0 1 10 

 

                                   ↑                    ↓ 

where 1p , 2p  and 3p  denotes the slack variables 

and R1, R2, R3, R4 represents the first, second, third and 

fourth row respectively. From the above table, it is clear 

that the negative coefficient of Initial Row R1 lies in 

column 3y i.e. (–3), that will enter into the basis. The 

pivot element in the same column is 4, and the 

corresponding identity element lies in the 2p  column, 

hence we drop column vector 2p . 

 

First Iteration: Introduce 3y  and drop 2p   

Row Basic z y1 y2 y3 y4 y5 P1 P2 P3 rhs 

R1 z 1 0 
-

1/2 
0 0 2 0 3/4 0 0 

R2 P1 0 0 5/2 0 0 2 1 1/4 0 10 

R3 y3 0 0 
-

1/2 
1 0 0 0 1/4 0 3 

R4 P3 0 0 
-

5/2 
0 0 8 0 

-

3/4 
1 1 

 

                             ↑                     ↓ 

Since 2y  in the initial row has only one negative i.e. (-

1/2), that will enter into the basis. The pivot element is 

(5/2), and the corresponding identity element which lies 

in column 1p . Hence we drop 1p .  

 

Second Iteration: Introduce 2y  and drop 1p  
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Row 
Basi

c 
z y1 y2 y3 y4 y5 P1 P2 P3 

RH

S 

R1 z 1 0 0 0 0 12/5 1/5 4/5 0 11 

R2 y2 0 0 1 0 0 4/5 2/5 1/10 0 4 

R3 y3 0 0 0 1 1 2/5 1/5 3/10 0 5 

R4 p3 0 0 0 0 0 10 1 -1/2 1 11 

  

Since all the elements in the initial row are positive, the 

current solution is optimal. Hence the optimal basic 

feasible solution is 

01 x  42 x  , 53 x and Max. 11Z .  

                                                                     

IV. SOLUTION OF LPP BY KKL PENALTY 

METHOD 

In the computational procedure of the simplex method, 

it is more convenient to have slack variable as the starting 

(initial) basic variables. If the original constraint is an 

equation or is of the type )(  then in order obtain initial 

basic feasible solution, we put the LPP into the standard 

form and then a non-negative variable is added to the left 

side of the equation to form the identity sub matrix. The 

so added variable is called an artificial variable. The 

above methods generally employed for the solution of the 

linear programming problems having artificial variables. 

The KKL method of penalty is an alternative method 

for solving linear programming problem involving 

artificial variables. 

 

V. ALGORITHM OF KKL PENALTY METHOD 

Step 1: Write the given LPP into its standard form and 

check whether there exists an initial basic feasible 

solution. 

(i). If there exists an initial basic feasible solution, go to 

step 3. 

(ii). If there does not exist an initial basic feasible 

solution, go to step 2. 

Step 2: Add sufficient number of artificial variables to the 

constraints to form identity matrix. Assign a high penalty 

(say N) to these variables in the objective function. 

Step 3: Apply KKL method to the modified LPP. 

 

VI. STATEMENT OF THE PROBLEM 

Problem (1): Use KKL penalty method to 

Maximize 21 46 xxz   

Subject to the constraints:  

2032 21  xx  

2423 21  xx                                    

321  xx  

01 x  and 02 x  

Solution: By introducing slack variables 01 p , 

02 p  and the surplus variable 03 p  respectively, the 

set of constraints of the LPP are converted into the system 

of equations, the modified linear programming problem is 

as follows:    

Maximize 21 46 xxz   

Subject to the constraints:  

2032 121  pxx                                            

2423 221  pxx  

31321  Apxx  

 0,,,, 32121 pppxx                                       

 

We have initial KKL table: 

Initial table: 

Row Basic z y1 y2 P1 P2 P3 A1 RHS 

R1 z 1 -6 -4 0 0 0 N 0 

R2 P1 0 2 3 1 0 0 0 30 

R3 P2 0 3 2 0 1 0 0 24 

R4 P3 0 1 1 0 0 -1 1 3 

                                                                                                                  

                                  ↑      ↓ 

where 1p , 2p  denotes the slack variables, and 3p  

denote the surplus variable, 1A  is an artificial variable 

and R1, R2, R3, R4 represents the first, second, third and 

fourth row respectively. From the above table, it is clear 

that the least negative coefficient of z lies for column 

2y  i.e. (-4), that will enter into the basis. The pivot 

element is 3, as it is most positive term along the column 

2y  and the corresponding identity element lies in the 

1p  column. Hence we drop 1p .  

 

First Iteration: Introduce 2y and drop 1p .   

Row Basic z y1 y2 y3 P1 P2 A1 RHS 

R1 z 1 -10/3 0 4/3 0 0 N 40 

R2 y2 0 2/3 1 1/3 0 0 0 10 

R3 P2 0 5/3 0 -2/3 1 0 0 4 

R4 P3 0 1/3 0 -1/3 0 -1 1 -7 

                                                                                                                  

                        ↑                   ↓ 

 

Since 1y  in the initial row is only one negative i.e. (-

10/3), that will enter into the basis. The pivot element is 

5/3, and the corresponding identity element which lies in 

column 2p . Hence we drop 2p .  

Second Iteration: Introduce 1y and drops 2p .   
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Row Basic z y1 y2 P1 P2 P3 A1 RHS 

R1 z 1 0 0 0 2 0 N 48 

R2 y2 0 0 1 9/15 -6/15 0 0 42/5 

R3 y1 0 1 0 -2/5 3/5 0 0 12/5 

R4 P3 0 0 0 -1/5 -3/15 -1 1 -117/15 

 

Since all the elements in the initial row are positive, the 

current solution is optimal. Therefore the optimum basic 

feasible solution is  

5/121 x , 5/422 x and Max. 48Z .  

 

Problem (2): A fertilizer company has only 1000 tonnes 

of nitrate, 1800 tonnes of phosphate and 1,200 tonnes of 

potash available per month. They can use these to make 

three basic fertilizers namely 5-10-5, 5-10-10 and 10-10-

10, where the numbers in case represent the percentage 

by weight of the nitrate (N), phosphate (P), and potash 

(K) respectively in each of the mixture. The costs of the 

raw materials are given below: 

 

Ingredient Cost (Rs.) per tonne 

Nitrate 8,000 

Phosphate 2,000 

Potash 5,000 

Inert Ingredient 250 

 

The selling prices of the basic fertilizers are Rs.2,000; Rs. 

2,500 and Rs.3,000 per tonnes respectively. There is a 

restriction that the company must produce at least 6,000 

tonnes of 5-10-5 per month. 

Determine how much of each of the profit of the basic 

fertilizer they should produce per month in order to 

maximize their monthly profit by using KKL penalty 

method. 

Solution: Let F1, F2 and F3 be the three products to be 

manufactured. Then the data of the problem can be 

summarized as follows: 

Fertilizer 
Fertilizer Ingredient 

Nitrate Phosphate Potash Inert 

F1 5% 10% 5% 80% 

F2 5% 10% 5% 80% 

F3 5% 10% 5% 80% 

Cost per kg. (Rs) 8,000 2,000 5,000 250 

 

Cost of  F1 = 5% of 8,000 + 10% of 2,000 +5%of   

   5,000+ 80%of 250 

                   =  400+200+250+200 =1,050. 

Cost of  F2  =  5% of 8,000 + 10% of 2,000  

   +10%of 5,000+ 75%of 250 

                   =  400+200+500+187.5 =1,287.5 

Cost of  F3  = 10% of 8,000 + 10% of 2,000  

   +10%of 5,000+ 70%of 250 

                   =  800+200+500+175 =1,675. 

 

Let x1 , x2 and x3 be the quantity (in tonnes) of F1, F2, and 

F3 respectively to be manufactured. Then the appropriate 

mathematical formulation of the given problem as LP 

model is: 

Maximize (total profit) z  = (Selling price – Cost   

                               price)  (Quantity of  Fertilizer)  

                          = (2,000 – 1,050) x1+ (2,500-  

                             1,287.5) x2+ (3,000-1,675) x3 

                          = 950 x1+ 1,212.5 x2+ 1,325 x3 

Subject to constraints:  

000,110.005.005.0 321  xxx or 

000,000,11055 321  xxx          or 

000,80,1101010 321  xxx      

200,110.010.005.0 321  xxx   or 

000,20,110105 321  xxx                                                                                                 

000,61 x  

 0,, 321 xxx  

By introducing slack variables 01 p , 02 p and the 

surplus variable 03 p  respectively, the set of 

constraints of the LPP are converted into the system of 

equations, and converting the objective function into that 

of maximization; the linear programming problem is 

modified as;    

Maximize 321 13255.1221950 xxxz   

                14321 0000 NApppp   

Subject to the constraints: 

 000,00,11055 1321  pxxx  

 000,80,1101010 2321  pxxx     

000,20,110105 3321  pxxx  

6000141  Apx  

0,,,, 32121 pppxx   

 

Initial table: 

Ro

w 

Basi

c 
z y1 y2 y3 P1 P2 P3 P4 A1 RHS 

R1 z 1 -950 
-

1221.5 

-

132

5 

0 0 0 0 N 0 

R2 P1 0 5 5 10 1 0 0 0 0 
1,00,0

00 
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R3 P2 0 10 10 10 0 1 0 0 0 
1,80,0

00 

R4 P3 0 5 10 10 0 0 1 0 0 
1,20,0

00 

R5 P4 0 1 0 0 0 0 0 -1 1 6000 

                     ↑                            ↓ 

where 1p , 2p  and 3p  denotes the slack variables, 

4p  denote the surplus variable, 1A  the artificial 

variable and R1, R2, R3, R4 represents the first, second, 

third and fourth row respectively. From the above table, it 

is clear that the least negative coefficient of z lies for 

column 1y  i.e.  

(-950), that will enter into the basis. The pivot element is 

10, as it is most positive term along the column 1y  and 

the corresponding identity element lies in the 2p  

column. Hence we drop 2p .  

 

First Iteration: Introduce 1y and drop 2p .     

Row 
Basi

c 
z y1 y2 y3 P1 P2 P3 P4 A1 RHS 

R1 z 1 0 0 0 103.5/5 
56.5

0 

54.

3 
0 N 

1,89,36,00

0 

R2 y3 0 0 0 1 1/5 -1/10 0 0 0 2,000 

R3 y1 0 1 0 0 0 1/5 -1/5 0 0 12,000 

R4 y2 0 0 1 0 -1/5 0 1/5 0 0 4,000 

R5 P4 0 0 0 0 -2/5 1/5 1/5 1 -1 14,000 

                    ↑                       ↓                                

Since the coefficient of 2y is the next least negative in 

the initial row R1 i.e.  

(-271.5), that will enter into the basis. The pivot element 

is 5 and the corresponding identity element which lies in 

column 3p . Hence we drop column vector 3p  

Second Iteration: Introduce 2y and drop 3p . 

Ro

w 

Basi

c 
z y1 y2 y3 P1 P2 P3 P4 A1 RHS 

R1 z 1 0 -271.5 
-

375 
0 95 0 0 N 171,00,000 

R2 P1 0 0 0 5 1 -1/2 0 0 0 10,000 

R3 y1 0 1 1 1 0 
1/1

0 
0 0 0 1,80,00 

R4 P3 0 0 5 5 0 -1/2 1 0 0 30,000 

R5 P4 0 0 -1 1 0 
1/1

0 
0 1 -1 12,000 

                                   ↑               ↓                                

Since 3y  has the only negative value, so it will enter 

into the basis. The pivot element is 5 and corresponding 

identity element to the pivot element lies in the 1p . 

Hence we drop column vector 1p . 

Third Iteration: Introduce 3y and drops 1p .  

Row 
Basi

c 
z y1 y2 y3 P1 P2 P3 P4 A1 RHS 

R1 z 1 0 0 -103.5 0 67.85 
54.

3 
0 N 

1,87,29,00

0 

R2 P1 0 0 0 5 1 -1/2 0 0 0 10,000 

R3 y1 0 1 0 0 0 1/5 
-

1/5 
0 0 12,000 

R4 y2 0 0 1 1 0 -1/10 1/5 0 0 6,000 

R5 P4 0 0 0 2 0 0 1/5 1 -1 18,000 

 

Since all the elements in the initial row are positive, the 

current solution is optimal. Therefore the optimum basic 

feasible solution is 

000,121 x , 000,42 x , 000,23 x  and 

Max. 01,89,36,00z .  

                                                                      

VII. CONCLUSION 

We observed that the optimum solution obtained in 

less iteration or at the most equal iterations by our 

modified technique, than usual simplex method. This 

technique is very easy to apply on numerical problems, 

reduces the computational work and also it gives more 

accuracy in giving improved optimum solution. Therefore 

this KKL method is more powerful for solving Linear 

programming problem as compare to conventional 

simplex method.   
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